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NONLINEAR EQUATIONS OF ELASTIC DEFORMATION OF PLATES

A. E. Alekseev UDC 539.3

A method for constructing nonlinear equations of elastic deformation of plates with boundary con-
ditions for stresses and displacements at the face surfaces in an arbitrary coordinate system is pro-
posed. The initial three-dimensional problem of the nonlinear theory of elasticity is reduced to a
one-parameter sequence of two-dimensional problems by approximating the unknown functions by
truncated series in Legendre polynomials. The same unknowns are approximated by different trun-
cated series. In each approximation, a linearized system of equations whose differential order does
not depend on the boundary conditions at the face surfaces which can be formulated in terms of
stresses or displacements is obtained.

Generally, the nonlinear equations governing the elastic deformation of plates are three-dimensional equations
of the nonlinear theory of elasticity. The dimensionality of the initial problem can be reduced by various methods.
The effective methods of reducing a three-dimensional problem to a two-dimensional problem are based on the
expansion of the desired quantities in series in terms of Legendre polynomials (see, e.g., [1]). Ivanov [2] proposed
a method for reducing the dimensionality of the linear problems of elastic deformation of the plates and shells
of constant thickness with arbitrary boundary conditions for displacements and stresses at the face surfaces that
is based on several approximations of the same unknown functions by truncated series in Legendre polynomials.
Using this method, Alekseev [3] obtained a one-parameter family of successive approximations of the equations of a
deformable layer of variable thickness in an arbitrary coordinate system. In the present paper, the method proposed
in [2, 3] is generalized to the nonlinear deformation of elastic plates.

1. Equations of the Nonlinear Theory of Elasticity in an Arbitrary Curvilinear System of

Coordinates. We consider an arbitrary curvilinear system of Lagrangian coordinates & (i = 1, 2, 3). The
equations of equilibrium for a continuous medium are written in the vector form

to+f=0, ¥=Jt, f=Jf t=dg; (1.1)

g; xt' =0, J =gy (g5 X g3). (1.2)

Here g, is the covariant basis of the curvilinear system of coordinates ¢ in a deformed state, J = g, - (go X g3) is
the Jacobian of the transformation of coordinates, 0%/ are the components of the Cauchy stress tensor, and f is the
vector of body forces. Equality (1.2) is implied by the symmetry of the stress tensor.

The components of the Green—Lagrange strain tensor €;; are related to the displacement vector u by the
nonlinear relations

0 0
28ij =g ujt g ui+u-uy, (1.3)

0 . . . . -
where g, is the covariant basis of the coordinate system &' in the undeformed state, and the zero above the symbol
shows that the quantity corresponds to the undeformed state.

The covariant basis vectors of the coordinate system &¢ in the deformed state have the form

0
g; =9; tu;. (1.4)
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With allowance for (1.3) and (1.4), the strain variations de;; are given by
20gij =g; duj +g; - du,. (1.5)
Hooke’s law is taken in the form
0.
T4 :C”ksgksa (16)
g 0.
where 7% are the covariant components of the second Piola-Kirchhoff stress tensor, C'7¥* are the contravariant
0. 0 .. 0, ..
components of the fourth-rank tensor which are subjected to the symmetry conditions %7k =C ks =Cksis,
In the coordinate system &7, the equality
0 .. g
Jr = Jo% (1.7)
. . 0 o 0 0\ . . . . . .
is valid. Here J=g,- (g, X g3) is the Jacobian of the transformation of coordinates in the undeformed-state metric.
Below, the boundary conditions refer to the undeformed state.

0 0
We assume that the boundary of an undeformed body S consists of two parts: the part S,, where the
displacements

uUl, = Uy (1.8)
Su
) 0
are specified, and the part S,, where the stresses
.. 0
T™givi |y =P, (1.9)
SU

0 0
are specified. Here v; = - 81- (19 is the outward normal to the boundary S), u. and p, are vector functions specified
0
on S.
Given the equations of equilibrium (1.1) and (1.2) and the boundary conditions (1.8) and (1.9), we can write
the virtual-work principle

/Tifasijdvoz/p*-audf%. (1.10)
0 ()
1% So
Relative to the undeformed state, the boundary-value problem (1.1)—(1.9) is assumed to be the initial
boundary-value problem of the nonlinear theory of elasticity.
2. Expansion of Functions in Terms of Legendre Polynomials. We consider a plate of constant

0 0 0
thickness 2h. In the undeformed state, the plate occupies the volume ¥ bounded by the face surfaces § ™ and § ~

0
and edge surface Y.
Let z; be the Cartesian coordinates. In the undeformed state, the middle surface of the plate coincides with

0 0
the coordinate plane x3 = 0, and the face surfaces § ™ and S ~ correspond to x3 = +h and x3 = —h, respectively.
We choose the curvilinear system of Lagrangian coordinates £* in such a manner that the coordinate axis 3
coincides with the x3 axis in the undeformed state. The coordinates 3 and &3 are related by the formula x5 = h&3.

0
In the undeformed state, the position of any internal point in a plate of volume V is given by the vector function
of curvilinear coordinates £*

R(E5) =H(¢) +hn¢®, € eV CRY, (2.1)

where V; = {€¥|¢> € S C R?, €3 € [-1,1]} and m is the unit normal vector directed along the x5 axis.
Differentiating both sides of equality (2.1) with respect to the variables £¥, we obtain the vector functions

0
o 0 0 0 0 OR
go,=R =T ,, gs =R 3= hn ( R .= @} (2.2)
which form the covariant local basis of the coordinate system £* in the undeformed state.
It follows from (2.2) that the vectors 8a depend only on the coordinates &% and that the vector 83 is
independent of &*.
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Since &3 € [—1, 1], the unknown functions u and t’ can be expanded in series in terms of Legendre polynomials

u = i[u]kP;“ ii = i[il]kpk (23)
k=0 k=0

Here Py (£3) are the orthogonal Legendre polynomials and [u]® and [']* are the expansion coefficients which depend
on the coordinates {£%} € S C R%:

1 1
14 2k o 142k [
(] = J; / uPpde®,  [#]F = +T ¥ P, de®. (2.4)
-1 —1

The integrands in (2.4) include the quantities #* which can be written by means of formulas (1.7) and (1.4)
in the form

~ .. 0o ..
¥ = Jo'lg; =] (g, +u.). (2.5)

3. Approximation of Stresses. We write the equations of equilibrium (1.1) in the equivalent form
0. 2 .
g’ @t +f)=0 (j=1, 2, 3). (3.1)

0.
In the undeformed state, the components of the contravariant basis g7 do not depend on the €2 coordinate. Therefore,
expanding Eqgs. (3.1) in series in terms of Legendre polynomials, we obtain the system

0o (riatk 331k kY — _ o N7
g ([t ],a"_[t,B] +[f] ) 0 (k 07N+1)’ (3.2)

g% (F + B+ =0 (k=0,N),

where N > 0 is an arbitrary number. The number of terms in expansions (3.2) is chosen in the same manner as in
the linear case considered in [2, 3]. For each k, we multiply Egs. (3.2) by P, and summarize. As a result, we obtain

ge-(Ti+F)=0, g* (TV+F)=0. (3.3)
Here the quantities 7", T"¢, and F' correspond to the truncated series
N+1 N
T — Z [ia]kp]m e Z[ia]kp]€7
k=0 k=0
. N2 o o, N1 .
T3 — 7’3 =g, Z([t3]k ga)Pk—F gs Z([tﬂk_ gg)le (3.4)
k=0 k=0
o N . . X
F=g, > (fI" g°)Pct g5 Y _(If]
k=0 k=0

Thus, two approximations 1'% and T”'®, which differ only by a number of terms retained in the series,
correspond to the same quantities t* in (3.3).
4. Approximation of Strains and Displacements. Let the displacement-vector variations du vanish at

0 .
the boundary S,. For simplicity, we restrict ourselves to the case where F' = 0.
From Egs. (3.3) follows the equality

J1G D@ 0w) + @ TGy Gl dVe =0 (Vi = e’ de? de?). (1)
Ve
Integrating (4.1) by parts, we obtain
/ (6% TG0 -w)s+ G TGy -bu)lhdVe = [(T" [5G 5w+ T 5@ Sul} Ve (42)
Ve
Usmg the properties of Legendre polynomials, we write the right side of (4.2) in the form
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/ (199 (S -]+ T [ (55 -ou)].) dVe = / (T GG 0w+ T [93(5 )] o + T - Sy} dVe
Ve Ve

N+1 N
[ e (8 S| i 5 pan ]| 4oL
V£ k=0 NeY k=0 fYes
= / {t> - oU', +t* - 5U's}dVe. (4.3)
Ve
Here

0 0 N+1 o o N 0 0 N+3 0 0 N+2
U’ =g* ( 9o Y. [5u]kPk> +g° ( gs -Z[éu]kPk>, sU" =g~ ( 9o Y. [5u]kPk>+ .«,—,3(93 > [5u]kPk)(4.4)

k=0 k=0 k=0 k=0

Substituting expressions (2.5) for ¢ into (4.3) and using the symmetry of the stress tensor 7%/, we perform the
transformation

~ N B 0
/(t“ SOU', + 1 6U") dVe = /(Ta’fgk. U, +7g, - 6U') AV
Vg ‘3
E 0
= /[7‘“"0-5 (950U o + 9o -6U5) +7°%(g, - 6U's + g5 - 8U',) + 7%(g; - U5 dV,
0
1%
0 0
dv=J det de? des.

Denoting the parentheses expressions by 0E;;, we obtain

20E0p =93 - §Ufa +9g.,- §Uf57 20E30 =g, 96 /g + g5 5Ufa, 0E33 =g5 - 6Ufg. (4.5)
Finally, we have
i 04,0 sni 93,0 _ ij 0
{T" - [9°(94 -6w)]i + T - [g°(g3 -0u)];} dVe = [ TY0E; dV . (4.6)
Vg ‘(/J.

The quantities 0F;; in (4.5) approximate the variations de;; by truncated series in terms of Legendre polynomials
[see (1.5)]. The vectors sU’ and SU" [see (4.4)] are the approximations of the displacement-vector variations du
and they are used to calculate the derivatives with respect to the ¢ coordinates and the £3 coordinate, respectively.
Bearing this in mind, we introduce the following change in expressions (1.4) for the covariant basis vectors of a
deformed state g;:

Go =g, +U',, Gs=g,+U". (4.7)

Substituting approximations (4.7) into expressions (4.5) in place of the covariant basis vectors of a deformed state g,,
we obtain

0 0 0 0
2Eap =95 Ulat 9o Up + Ula - Ulp,  2Eza =go Uiyt g3 Ula + Uly- U,

(4.8)
By =g5-U'y +0.5U", - U,
Here the vectors U’ and U” are written in the form of truncated series similar to those in (4.4):
o , V1 ol o &
o o (5. St i (5 Satn)
k=0 k=0
(4.9)

o 0 N+3 0 0 N+2
U" =g° ( 9o Y [U]’“Pk> +g° ( 93> [U]’“Pk>~
k=0 k=0

Expressions (4.8) are the approximations F;; of the Green-Lagrange strain tensor ¢;; (1.3).
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5. Approximation of the Boundary Conditions. We denote the left side of equality (4.2) by L.
Integration yields

L= / (g% T")(gu-6u) + (g7 - T')(gs- bu)| de? dg® + / (g% T")(g, - ou)

e e
+ (g3 Tj;i)(g?,-au)] det ded + /TS-&u,dfl de? — /T3~5ud§1 de?. (5.1)
s¢ Se

Here T3 = T"3 = T""3.

We calculate the sum of the first two integrals in (5.1). To this end, using the orthogonality property of
Legendre polynomials, we replace the vector u by the corresponding truncated series for 6U’.

In the initial configuration, the equalities

0 0 0 0
A€V ded =un dX)/J,  d€*ded =0 dx/ ] (5.2)

. 0 . . . 0 0o 0 ,0.
are valid at the edge surface 3 to which the coordinate line ¢ corresponds. Here v, =v - g, (v is the outward

0
normal vector to the edge surface ).
Inserting (5.2) into (5.1), we obtain the sum of the first two integrals

T .§U o 0 . 0 -, 0 0 - 0
/ —— Vo dY, T =g, (T g7)+ g;(T"* g°). (5.3)
J
0
z

0 0
In the last two integrals in (5.1), which refer to the face surfaces S and S ~, we transform the product d¢! dé?,

0.0 00
namely, dé'dé? =dSt/J=—-dS/J.
We write equality (5.1) in the form

Aa. / 0 A3. 0 A3_ 0
L:/%Badz+/T 5“ds++/T U 8- (5.4)
0 J 0 0
b Cha S~

0 0
J J

0
It follows from the first integral in (5.4) that the boundary conditions (1.8) and (1.9) at the edge surface ¥ are
approximated by the truncated series

0 0

0
Ui, =U.,, U —al, =P, (Z,UXe=N). (5.5)

X

Here the vectors U, and P’, are written in the form of truncated series similar to the truncated series (4.9) and (5.3):

0 0 Ry 0 0 N
Uik :ga ( 9o Z [u*]kpk>+ 93 ( gs - Z[u*]kpk>7

k=0 k=0

N+1 N
0 0 05 0
P, =g° ( 9o D [p*]’“Pk> +g° < gs - Z[m]’“ﬂ) :
k=0 k=0
0 0
We now consider the face surfaces ST and S~. In the last two integrals on the right side of (5.4), the vectors
a0
SU" and T?/J are used as variations of the displacement vector and the surface load, respectively. Therefore, the
boundary conditions

U'l, =u,, sU”|, =0, U’l, =u., su”|, =0,
h S Su Su
o o (5.6)
? é)’;r = P> ? g; = D«
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0 0
are formulated at the surfaces St and S, . With allowance for (5.5) and (5.6), we write equality (5.4) in the final
form

0 0
L:/pi~5U'dg+/p*~5U"dS++/p*-(SU"dS_. (5.7)

0 0 0
D s Sy

Thus, equality (4.2) is reduced to the form

0 0 0 0
/TU(SEij dv= /pfk -§U' do +/p* oU"dST + /p* SU"ds . (5.8)
v 2, st 8.
For the approximations introduced above, equality (5.8) is an analog of the virtual-work principle (1.10). This
variational principle yields the equations of equilibrium (3.3) and the boundary conditions for stresses (5.5) and (5.6).
6. Approximation of Hooke’s Law. Hooke’s law (1.6) is approximated by

0
7 =ik gy (6.1)
where Ej, are the approximations (4.8) of the Green—Lagrange strain tensor. In accordance with (2.3)—(2.5), the
coefficients of series expansions of the quantities ¢* in terms of Legendre polynomials have the form
1
0 Qijks 3
JO By G Py dg”. (6.2)

—1

142k

B =

7. System of Nonlinear Equations of the Nth Approximation. Summing up the above results, we
write a two-dimensional system of nonlinear equations of the Nth approximation which comprises
— the equations of equilibrium (3.3)

9o (@i+F)=0, g* TU+F)=0 (7.1)

— the relations of Hooke’s law (6.1) which are written, with allowance for (6.2), in the form of truncated
series (3.4)

N41 1 N 1
- 142k 00 . . 142k 00 .
=3 P, *‘2 / JC I By G Py dEY, =3P / JC I By G Py dE°,
k=0 4 k=0 2
(7.2)
N+2 L N+1 1
. . 1+ 2k 00, 14 2k 00,
T/3 _ T//3 :ga Z <Pk —; ga/ JCSJmnEmnGij d£3> + BSZ (Pk: —|—2 83/ JC3]77LnEmnGij df?’),
k=0 2 k=0 4
— the boundary conditions at the face surfaces (5.6)
T3 T8
U” g';f = Ux, U// gz = U, o0 g‘i = P> o0 g‘: = P (73)

The system of nonlinear equations (7.1)—(7.3) is supplemented by the boundary conditions at the edge
surfaces (5.5)
0 0

0
o = P, (3, UX,=%),

U/ 0 :U/ e}

b
S * 0

(7.4)
A 0 ~ 0 0 ~ 0
T =g, (T" g")+ g5 (T"*- g°).

8. Linearized System of the Nth Approximation. Let the solution of the boundary-value problem
(7.1)~(7.4) be known. In addition to this state, we consider a perturbed state characterized by the perturbed
displacements U’ and U"":

U =U+AU', U"=U"+AU" (8.1)
Here the perturbation vectors AU’ and AU” have the form of truncated series similar to the truncated series (4.9).
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Assuming that the quantities AU’ and AU” are small, the equations governing the perturbed state can
be simplified by ignoring the terms nonlinear in perturbations. Denoting the terms which contain only the linear
components of the perturbations AU’ and AU” by (-), we obtain

— relations for the vectors of the covariant basis in the perturbed state
Gi=G;+AG;, AG,=AU,, AG;=AU%; (8.2)
— relations for the components of the Green—Lagrange strain tensor

Bi; = Eyj + AEy,
WEny =Gy AUy + G- AU, 20Bns = Go - AU + G- AU, (8.3)
AFEs33 = G3 - AU';;
— relations for the components of the stress tensor 7%
Fi=pp AT AT =CUR AR,
— relations for the coefficients of series (3.4) [t/]*

[ = " + A (8.4)

1+ 2k

AT = —

1
0 0..
/ T (AB G + B AG) Py) d€. (8.5)
-1

In addition to the basis vectors G, we introduce the biorthogonal basis G': G;-G' = (5;- (5; is the Kronecker
symbol). This allows us to show that
0. oy .y
CV"(AEmmGj + EnnAG;) = CV™Y (G, - AU )G + ™3 (G, - AU%)GY,
where
gy 0.. . . : .
cmn :Cumn + 7,277,(;177’”7 GM = QM. Gj, (86)
and reduce expressions (8.5) to the form
1

/ TG (G - AG)G) Py de? (8.7)

-1

1+2k

AT = —

Using relations (8.1)—(8.4) and (8.7), we linearize the nonlinear system (7.1)—(7.4). As a result, we obtain a linear
system which comprises
— the equations of equilibrium (3.3)

g - (AT +AF)=0, g* (AT +AF)=0; (8.8)

— Hooke’s law relations (8.1) written in the form of truncated series (3.4):

N+1 1 N 1
- 1+4+2 0~ . - 1+2 0 ~ .
AT*=>" P, +2 k/,]CW"m(Gm-AGn)Gij g, AT =) "P +2 k/JC“Jm”(Gm-AGn)Gij e,
k=0 e k=0 e
. - o N2 14+2k o i 0 ~..
AT? = AT =g, Z (Pk 5 ge- / JCIM G, - AG,)G Py, d§3> (8.9)
k=0

-1

g .

+
Q
w
M
x
/N
.S
—
[\] +
[N}
N
=
w
»—t\,_.

0 ~o:
JC¥M (G, - AG,)G Py d§3> ;
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— the boundary conditions at the face surfaces (5.6)

AT3 AT3
AU"|, = Au,, AU"|, = Au,, |0, = Ap,, —l,_=Ap,. (8.10)
w Su J So J So

The system of linear equations (8.8)—(8.11) is supplemented by the linearized boundary conditions at the
edge surfaces (5.5)
0 0

0
. =AP, (3, UX,=Y),

o, ,0
AU, —av., ATV

Yu

J (8.11)

AT* =g, (AT g")+ gy (AT - g°).

Let us determine the differential order of the linear system (8.8)—(8.10) using the method of [3]. The strain—
displacement relations (8.3) contain the coefficients of the series AU’ together with the first-order partial derivatives
with respect to the coordinates £*. Precisely these derivatives determine the differential order of the system and
they must satisfy the boundary conditions at the edge surface (8.11). Six scalar coefficients of the series AU” — AU’
enter the system (8.8)—(8.11) without derivatives. We call the first and second groups of unknown coefficients the
basic and supplementary unknowns, respectively. The supplementary unknowns are determined from Egs. (8.10),
which are the boundary conditions at the face surfaces. These equations constitute a system of linear algebraic
equations for the supplementary unknowns whose solution allows one to express the supplementary unknowns in
terms of the basic unknowns. Substitution of these expressions into (8.9) leads to relations between the vector
function AT"®, AT", and AT3 and the basic unknowns, i.e., the coefficients of the series AU’. These equations
represent the linear forms relative to the coefficients of the series AU’ and their derivatives.

Substituting the expressions for AT, AT"* and AT? into the equations of equilibrium (8.8), we obtain
a system consisting of 2(N + 2) + 1 second-order partial scalar equations. Thus, we have a system of the order 2n
for determination of n functions when

n=2(N+2)+1. (8.12)

The differential order of the linearized system of the Nth approximation is independent of the form of boundary
conditions at the face surfaces which can be specified in terms of stresses or displacements.

The first approximation corresponds to N = 0. In this case, it follows from (8.12) that n = 5, i.e., the basic
unknowns are five in number (three displacements of the middle surface and two rotations). The corresponding
differential order of system (8.8)—(8.10) is equal to ten.

Using the results obtained in [3], one can obtain a system of linear equations of the Nth approximation gov-
erning the linear elastic deformation of plates which coincides with the linearized equations (8.8)—(8.10). However,
there is a difference in the determination of the matrix C%™" . First, only one symmetry condition Cigmn — gmnij
is satisfied as is seen from (8.6). Second, the properties of the matrix C*J”*" are determined not only by the elastic
constants but also the stresses 7%. For example, for certain values of 7%/, the matrix C9mn can be not positive
definite and the question of the existence and uniqueness of the solution of the linearized boundary-value problem
(8.8)—(8.11) arises.
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